Abstract. We present a detailed formalism for the description of collective electron excitations in fullerenes in the process of the electron inelastic scattering. Considering the system as a spherical shell of a finite width, we show that the differential cross section is defined by three plasmon excitations, namely two coupled modes of the surface plasmon and the volume plasmon. The interplay of the three plasmons appears due to the electron diffraction of the fullerene shell. Plasmon modes of different angular momenta provide dominating contributions to the differential cross section depending on the transferred momentum.
Introduction
In the present paper, we give a detailed theoretical explanation of the formation of various plasmon excitations in fullerenes caused by collision with fast electrons. We demonstrate that a non-uniform electric field of a charged projectile causes variation of the electron density on the inner and the outer surfaces of the molecule as well as the volume density variation inside the fullerene shell. The variation of electron density leads to the formation of three plasmon excitations, namely two surface plasmons and the volume plasmon.
Plasmon excitations represent the collective oscillation of electrons of an atomic system against the positively charged ions. This collective electronic motion appears when the system is exposed to an external field (the electromagnetic field or the electric field of a charged projectile). Collective excitations manifest themselves in the formation of giant resonances in the excitation spectrum of atomic systems. The existence of plasmon resonances is a general phenomenon occurring in various atomic systems, while a position of the resonance depends strongly on the type of the system. For instance, collective excitations in many-electron atoms have typical resonance frequencies of about 100 eV [1] . Plasmon excitations in various atomic clusters have much lower frequencies, namely of the order of several eV for metal clusters [2, 3] and of several tens eV for fullerenes [4, 5] .
Delocalized electrons of atomic clusters may form two different types of collective excitations, namely the surface and the volume plasmons [6, 7] . The dipole surface a verkhovtsev@fias.uni-frankfurt.de b On leave from A.F. Ioffe Physical Technical Institute, St. Petersburg, Russia plasmon is responsible for the formation of the giant resonance in photoabsorption spectra of metal clusters [8, 9] and fullerenes [4] , and play also an important role in the process of inelastic scattering of electrons [10, 11] . The excitation of metal clusters revealed the existence of the volume plasmon which has a higher resonance frequency and is essential for the formation of the electron impact ionization cross section [12] .
Existence of the giant resonance in the excitation spectra of fullerenes at about 20 eV was predicted theoretically [13] and then observed experimentally for the gas phase C 60 compounds studying the processes of photoionization [4] and inelastic scattering of electrons [5] . Formation of the dipole plasmon resonance in the photoionization cross section of C 60 was studied theoretically within various models and approaches [14, 15] . Recent experiments on photoionization of neutral [16] and charged [17] C 60 molecules revealed the existence of the second collective resonance at about 40 eV which later was associated [18] with the second surface plasmon.
Theoretical investigations of the scattering of fast electrons on fullerenes [19, 20] revealed the existence of the diffraction phenomena arising in the scattering processes. The first experimental observation of the electron diffraction on C 60 was reported in Ref. [21] . It was shown that plasmon modes of different angular momenta provide dominating contributions to the differential cross section at different electron scattering angles. In the cited papers, the fullerene was modeled as an infinitely thin sphere and collective electron excitations were represented by the single surface plasmon.
In Ref. [22] a hydrodynamic model was applied to describe the plasmon excitations formation mechanism. It was shown that no volume plasmons can be excited in the dipole-photon limit. Therefore, the volume plasmon can manifest itself only when the system interacts with a non-uniform external field, e.g. in collisions with charged particles.
The paper is organized as follows. Section 2 is dedicated to the detailed description of the theoretical framework. We introduce the model of a fullerene in Sec. 2.1. In Sec. 2.2.1, we introduce general expressions based on classical electrodynamics and hydrodynamics describing collective electron excitations in a many-electron system. In Sec. 2.2.2, we derive a general expression for the electron density variation in an arbitrary spherically symmetric system exposed to an external field. In Sec. 2.2.3, we apply this formalism to a fullerene considered within the introduced model. In Sec. 2.3, we derive general expressions for the inelastic scattering cross section. In Sec. 2.4, we present the expressions for the volume and surface plasmon excitations obtained within the plasmon resonance approximation. We discuss also the diffraction phenomena which manifest themselves in the contribution of terms of different multipolarity. In Sec. 3, we consider two limiting cases of the general equations presented in Sec. 2. We consider the "metal cluster" limit when the system is represented by a charged full sphere, thus the volume and the single surface plasmons appear in the system. We consider also the "infinitely thin fullerene" limit when collective excitations are described only by the single surface plasmon. The obtained expressions coincide with the results presented earlier in Refs. [12, 19, 20] . In Sec. 4, we draw the conclusions from this work. In Appendix, we describe the transformation of general expressions obtained in Sec. 2 in the case of a uniform external field. We show that no volume plasmon can appear in the system exposed to a uniform field and the photoionization cross section is defined then by the two surface plasmons.
The atomic system of units, m e = e =h = 1, is used throughout the paper.
2 Theoretical framework
Model of a fullerene
In this paper, we consider a fullerene C N as a spherically symmetric system where the charge is distributed homogeneously between two concentric spheres [23] [24] [25] . The width of the fullerene is ∆R = R 2 − R 1 where R 1 , R 2 are the inner and the outer radii of the molecule, respectively. The equilibrium electron density distribution ρ 0 (r) is expressed via the number N of delocalized electrons (four 2s 2 2p 2 valence electrons from each carbon atom) and the fullerene volume V :
The volume of the fullerene shell can be expressed as
where ξ = R 1 /R 2 ≤ 1 is the ratio of the inner to the outer radii.
This model is applicable for any spherically symmetric system with an arbitrary value of the ratio ξ. Supposing ξ = 0, one obtains a model of a metal cluster, while the case ξ = 1 represents a fullerene modeled as an infinitely thin sphere.
When the fullerene is exposed to an external field, the electron density is modified, ρ = ρ 0 +δρ. Below, we present a detailed formalism of the electron density variation, δρ.
Variation of the electron density

General equations
Let us describe briefly a simplified version of the approach introduced in Ref. [22] . The presented formalism describes the behavior of collective electronic excitations and is based on classical electrodynamics and hydrodynamics.
Let ρ 0 (r) denote the stationary distribution of the electron charge in the point r. The variation of the electron density, δρ(r, t), depends on the position r and time t. Therefore, the total electron density is introduced as:
Following [22] , let us describe the collective motion of the electron density using the Euler equation and the equation of continuity.
The Euler equation couples the acceleration, dv(r, t)/dt, of the electron density with the total electric field E acting on the system at the point (r, t):
The electric field E includes both the external field acting on the system and the polarization contribution due to the variation of electron density δρ(r, t):
where φ(r, t) is the scalar potential of the external field.
Introducing (5) in (4) and evaluating the full time derivative of the vector v one obtains
The potential of the external field is assumed to satisfy the wave equation and has the monochromatic dependence on t: φ(r, t) = e iωt φ(r) ,
where φ(r) satisfies the equation
with q is the wave vector.
The motion of electron density in the system obeys the equation of continuity, which reads ∂ρ(r, t) ∂t
Eqs. (6) and (9), being solved simultaneously, determine the variation of electron density δρ(r, t) as well as its velocity v(r, t).
Let us estimate the relative value of the first and the second terms on the left-hand side of Eq. (6). To make an estimation, let us consider the one-dimensional case, and let E ∝ exp(iωt). Thus, Eq. (6) can be written in the simplified form:v
Here ∂v/∂x ∼ v/R where R is the size of the system. Supposing that the termv dominates, one finds that v ∼ (1/ω)E 0 exp(iωt). Hence, from the conditionv ≫ v 2 /R one can obtain the criterion E ≪ ω 2 R. Below, we assume that this condition is fulfilled and neglect the second term on the left-hand side of Eq. (6), which means physically that the external field causes only a small spatial inhomogeneity in the electron density distribution within the system.
Let us seek the solutions of Eqs. (6) and (9) in the following form:
Substituting these expressions into Eqs. (6) and (9) and performing some transformations with the simultaneous use of Eq. (8) and ∆|r − r ′ | −1 = −4πδ(r − r ′ ), one derives a set of the following linear equations:
and
Arbitrary spherically symmetric system
Eqs. (12) and (13) describe the dynamics of electron density under the action of an external field. In the case of the spherically symmetric density distribution, ρ 0 (r) = ρ 0 (r), one can exclude angular variables from Eq. (12) and (13) . Let us expand functions φ(r), δρ(r) and |r − r ′ | −1 into spherical harmonics:
where the function b l (r, r ′ ) is defined as follows:
Θ(x) is the Heaviside step function defined as
and the notation Π l = √ 2l + 1 is introduced. Using the last two expressions in Eq. (14), one gets
To expand the terms containing the operator ∇, the following general expression is used (see Ref. [26] ):
where
lm (r) and Y
lm (r) are the longitudinal and the transverse vector spherical harmonics, respectively. The definition of these functions can be found in Ref. [26] .
Hence
Accounting for the identities (see Ref. [26] )
Eq. (13) is transformed to the following expression:
where the function g l (r, r ′ ) is related to b l (r, r ′ ) defined in (15):
Multiplying both sides of Eq. (23) by Y * lm (r) and carrying out the integration over spherical angles of the vector r, one obtains a general equation for the variation of electron density in an arbitrary spherically symmetric system:
where φ l (r) is the scalar potential and ω is the frequency of the external field.
Fullerene as spherical shell of a finite width
In the case of the fullerene model described in Sec. 2.1, the equilibrium electron density distribution, ρ 0 (r), is constant within the interval R 1 < r < R 2 and equals to zero if otherwise:
where ρ 0 is defined by Eq. (1). The derivative of the function ρ 0 (r) is given by
where δ(x) is the delta-function. Then, the solution of Eq. (25) for the fullerene is sought in the following form:
where δ̺ l (r) describes the volume density variation arising inside the fullerene shell, and σ
are variations of the surface charge densities at the inner and the outer surfaces of the shell, respectively (see the left panel of Fig.  1 ). The volume density variation causes the formation of the volume plasmon, while the variations of the surface densities correspond to two surface plasmon modes.
Using (26), (27) and (28) in Eq. (25) and carrying out algebraic transformations, one derives: where the following notations are introduced:
Parameter ω p is the volume plasmon frequency associated with the density ρ 0 . Neglecting the dispersion, the volume plasmon frequency has a constant value and is defined as:
Matching the terms of different types on the right-and the left-hand side of Eq. (29), one obtains three equations: one for the volume plasmon and the other two -for the surface plasmons.
The solution corresponding to the volume density variation reads as:
The total density variation due to the surface plasmons is σ l (r) = σ
where the quantities σ satisfy the following system of coupled equations:
Using the expression (33) for the volume density variation, the functions I (1) l and I (2) l can be rewritten in the following form:
The determinant of the system (35) is
where w 1l and w 2l are the roots of the secular equation
Solutions of the system (35) are given by the following expression:
Variation of the surface charge densities, σ
, results in the formation of two coupled modes of surface plasmon oscillations [23] [24] [25] . Frequencies of the symmetric, ω 1l , and the antisymmetric, ω 2l , surface plasmons of multipolarity l are given by the expression [24, 25] :
In the symmetric mode the charge densities on the two surfaces oscillate in phase, while in the antisymmetric mode they are out of phase (see the right panel of Fig. 1 ). Using Eqs. (33) and (40) in (28), one obtains the expression which defines the multipole variation of electron density in a spherically symmetric fullerene of a finite width under the action of the multipole component φ l (r) of the external field:
Inelastic scattering of an electron
In the process of inelastic scattering the projectile electron undergoes the transition from the initial electron state (ε 1 , p 1 ) to the final state (ε 2 , p 2 ) which is accompanied by the ionization (or, excitation) of a fullerene from the initial state i with the energy ε i to the final state f with ε f . Diagrammatic representation of the process is given in Fig. 2 . The matrix element, M , which defines the amplitude of the inelastic scattering is given by
where {r a } = r 1 . . . r N are the position vectors of the delocalized electrons in the fullerene, r is the position vector of the projectile, ψ The matrix element can be written as follows:
where q = p 1 − p 2 is the transferred momentum.
In the present paper, we consider the collision process of C 60 molecules with fast electrons. Since the collision velocity is larger than the characteristic velocities of delocalized electrons in the fullerene, the first Born approximation is applicable [19] . Within this approximation the initial and the final states of the incident electron can be described by plane waves:
Within the framework of the plane-wave first Born approximation the amplitude of the process reduces to
The magnitude of q 2 is related to p 1,2 and the scattering angle θ = p 1 p 2 via:
The final approximate equality is valid when p 1 ≈ p 2 and the scattering angle is small, θ ≪ 1 rad. Performing the multipole expansion of the exponential factors in (46) (see, e.g., [26] ), one obtains:
where we introduced the following notation:
and j l is the spherical Bessel function. Let us consider a general expression for the cross section of the scattering process:
where ω = ε 1 − ε 2 is the energy transfer, ω f i = ε f − ε i and ω = ω f i due to the energy conservation law. The sign pol f denotes the summation over the projection of the final state f orbital momentum, whereas pol i denotes the averaging over the projections of the initial state orbital momentum, dρ f is the density of the fullerene final states. Substituting the scattering amplitude (48) into Eq. (50), one derives the triply differential cross section:
is the multipolar potential of the projectile electron, dΩ p2 denotes the differentiation over the solid angle of the scattered electron and sign dρ f means the summation over the final states (which includes the summation over the discrete spectrum and the integration over the continuous spectrum).
Plasmon resonance approximation
Let us consider the inelastic scattering cross section within the plasmon resonance approximation [19, 20] . It relies on the assumption that collective plasmon excitations give the main contribution to the cross section in the vicinity of the giant resonance. Hence, one can neglect single-particle excitations when calculating the matrix element in Eqs.
(50) and (51). According to the Kubo linear response theory [19, 27] , the integral on the right-hand side of Eq. (51) can be related to the density variation δρ l (42), so one can perform the following substitution:
Here δρ l (ω, q; r) is a partial density variation due to the exposure of the system to the multipolar potential V lm (r). In a general case, this variation depends on the frequency ω, transferred momentum q and the position vector r as well. Using (53) in (51), the triply differential cross section acquires the form:
and the notation Π l = √ 2l + 1 is used. Using the multipole variation of the electron density δρ l (ω, q; r) defined by Eq. (42) as well as the notations (49) and (52), one can write
and j = 1, 2. The term δ̺ l (ω, q; r) is the electron density variation associated with the volume plasmon (see Eq. (33)), σ
(1) l and σ (2) l describe the density variation at the inner and the outer fullerene surfaces (see Eq. (40)).
Performing some transformations, we come to the formula for the differential inelastic scattering cross section with no damping of plasmon oscillations:
where ω p is the volume plasmon frequency defined by Eq. (32), ω 1l and ω 2l are the frequencies of the symmetric and antisymmetric surface plasmons of multipolarity l defined by Eq. (41). Functions V l (q), S 1l (q) and S 2l (q) are defined as follows:
The 'metallic cluster limit'
Metal cluster can be treated as a system with a uniform electron density distribution over the sphere of a radius R [30] :
where V = 4πR 3 /3 is the cluster volume and N is the number of delocalized electrons in a cluster. In this limit, one obtains ξ → 0, i.e. R 1 → 0 and R 2 ≡ R.
Electron density variation on the cluster surface leads to the formation of the surface plasmon, while the volume plasmon arises due to the density variation inside the system. In this case, the antisymmetric surface plasmon mode does not contribute to the cross section:
and the general expressions (64) and (65) for the differential cross section transform into the following:
Within this limit, the general expressions for the frequencies of the volume (32) and the surface (39) plasmons transform into the following:
The differential cross section (68) of the inelastic scattering on a metal cluster defined by Eqs. (69) and (70) coincides with expressions presented earlier in Ref. [12] .
The 'infinitely thin fullerene' limit
The model of a fullerene as an infinitely thin sphere was applied in a number of papers studying the photoionization [14] and the electron scattering [19, 20] processes. In this limit, one obtains R 1 → R 2 ≡ R and ξ → 1.
In the case of a sphere, the volume plasmon and the antisymmetric surface plasmon mode do not contribute to the cross section:
Therefore, the general expressions (64) and (65) reduces to:
is the surface plasmon frequency, and
1l is its width. Eq. (73) coincides with the expression presented earlier in Refs. [19, 20] .
Conclusion
In this paper, we have presented a detailed formalism for plasmon excitations in fullerenes caused by the collision with fast electrons. We have demonstrated that the energy loss spectrum is formed by three contributions, namely two modes of the surface plasmon and the volume plasmon.
Within the presented model, a fullerene was considered as a spherical shell of a finite width where the negative charge was distributed homogeneously over the shell. We showed that exposure of the system to an external field of a charged projectile causes the formation of the surface electron density variation on the surfaces of the shell and the volume density variation inside the shell. These variations lead to the formation of three plasmon excitations.
The introduced model can be applied to a spherically symmetric system with an arbitrary width of the shell. We have considered two limiting cases of the model when the system is treated as a charged full sphere ('metal cluster' limit) and as an infinitely thin sphere. The obtained expressions coincide with the results obtained earlier in Refs. [12, 19, 20] .
Numerical results of the calculation based on the presented formalism as well as the comparison with the recent experimental data will be presented in another paper of this issue of the journal [28] .
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A Interaction with a uniform external field
In this Appendix, we consider the transformation of general expressions for the electron density variation obtained in Sec. 2.2.1 and 2.2.3 in the case of the uniform external field. This case describes the interaction with an electromagnetic field.
We assume that the wave length of electromagnetic radiation is much larger than the typical size of the system, i.e. the condition ωR ≪ 1 is fulfilled. This condition implies the validity of the dipole approximation.
and N is the number of delocalized electrons in the system.
Note that for the general expression of function Σ l (ω) one should account for the damping of plasmon oscillations and introduce the finite widths, Γ 1l and Γ 2l , of the plasmon resonances according to Eq. (62).
Due to interaction with the external electromagnetic field only dipole excitations may arise in the system. Therefore, the case of particular interest is l = 1.
In the equations presented below, let us omit the second subscript allocated for l in the notations for plasmon frequencies, ω 1 and ω 2 , and their widths, Γ 1 and Γ 2 . Below we consider only the case l = 1.
The 
where the notation p = 1 + 8ξ 3 is introduced.
Calculating the values w 0 , w 1l and w 2l for l = 1 and accounting for the plasmon widths, one obtains the expression for the dipole term of the function Σ l (ω):
The cross section of photoionization by a single photon is given by the general expression:
where E is the strength of the external electric field, and the induced dipole moment D(ω) equals to Q 1 (84):
Choosing the potential φ 1 (r) of the linearly polarized electromagnetic wave (in the dipole approximation) in the form
and using Eq. 
This expression clearly shows that the photoionization cross section is defined by the two surface plasmons. These plasmons were observed at the experiment [17] in interpretation made in Ref. [18] . The volume plasmon can be formed only when the system is exposed to a non-uniform external field, e.g. in collisions with charged particles.
